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ON THE HILBERT SERIES OF VERTEX COVER ALGEBRAS OF
UNMIXED BIPARTITE GRAPHS
CRISTIAN ION
Abstract. We compute the reduced Gro¨bner basis of the toric ideal with respect
to a suitable monomial order and we study the Hilbert series of the vertex cover
algebra A(G), where G is an unmixed bipartite graph without isolated vertices.
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Introduction
Let G = (V,E) be a simple (i.e., finite, undirected, loopless and without multiple
edges) graph with the vertex set V = [n] and the edge set E = E(G). For k ∈ N,
a k-vertex cover of G is a vector c = (c1, c2, ..., cn) ∈ Nn such that ci + cj ≥ k for
every edge {i, j} of G.
Let R = K[x1, x2, ..., xn] be the polynomial ring over a field K. The vertex cover
algebra A(G) is defined as the subalgebra of the one variable polynomial ring R[t]
generated by all monomials xc11 x
c2
2 ...x
cn
n t
k, where c = (c1, c2, ..., cn) is a k-vertex cover
of G. This algebra was introduced and studied in [7]. Let m be the maximal graded
ideal of R. A¯(G) = A(G)/mA(G) is called the basic cover algebra and it was studied
in [6], [1] and [2]. In [8], the Hilbert series of A(G), HA(G)(z), for a Cohen-Macaulay
bipartite graph G is studied and several consequences are derived.
Our main aim in this paper is to extend the study of HA(G)(z) for unmixed bipar-
tite graphs. It will turn out that many of the results concerning the Cohen-Macaulay
case extend naturally to the larger class of unmixed bipartite graphs. The first step
in getting the formula for HA(G)(z) is to compute the toric ideal of A(G). This is
done in Section 2.
In the last section we state the main theorem which relates HA(G)(z) to the Hilbert
series of the basic cover algebras A¯(GF ), for all F ⊂ [n]. Based on this formula we
derive sharp bounds for the multiplicity of A(G).
1. The lattice associated to an unmixed bipartite graph
Let G be an unmixed bipartite graph without isolated vertices. By [9, Theorem
1.1] we may assume that G admits a bipartition of its vertices Vn = W ∪W
′, where
W = {x1, ..., xn} and W
′ = {y1, ..., yn}, n ≥ 1, such that:
(a) {xi, yi} ∈ E(G), for all i ∈ [n];
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(b) if {xi, yj} ∈ E(G) and {xj , yk} ∈ E(Gn), then {xi, yk} ∈ E(Gn), for all
distinct i, j, k ∈ [n].
Throughout this paper, whenever we refer to an unmixed bipartite graph we
assume it is given with its above bipartition.
For ∅ 6= F ⊂ [n] we denote by GF the subgraph of G induced by the subset
VF = {xi|i ∈ F} ∪ {yi|i ∈ F}.
Remark 1.1. GF also satisfies (a) and (b), hence GF is an unmixed bipartite graph
on VF and each minimal vertex cover of GF has the cardinality equal to |F |.
Let K{i,j}, 1 ≤ i < j ≤ n, be the complete bipartite graph on {xi, xj} ∪ {yi, yj}.
Lemma 1.2. Let G be an unmixed bipartite graph on Vn =W ∪W
′, n ≥ 2. Suppose
that G has an induced subgraph K{i,j} with 1 ≤ i < j ≤ n. Let H be the subgraph
of G induced by the subset Vn\{xj, yj}. Then there exists a one-to-one correspon-
dence between the sets M(G), respectively M(H), of minimal vertex covers of G,
respectively H. More precisely, for all subsets C ⊂ Vn\{xj , yj} we have:
(i) if xi ∈ C, then C ∈ M(H)⇔ C ∪ {xj} ∈ M(G);
(ii) if xi 6∈ C, then C ∈ M(H)⇔ C ∪ {yj} ∈ M(G).
Proof. Let C ∈ M(H). If xi ∈ C, put B = C ∪ {xj}. We show that B ∈ M(G).
B∩{xk, yl} 6= ∅, for all {xk, yl} ∈ E(H) and B∩{xj , yl} 6= ∅, for all {xj , yl} ∈ E(G).
Let {xk, yj} ∈ E(G) with k /∈ {i, j}. Since {xk, yj} ∈ E(G) and {xj, yi} ∈ E(G), it
follows, by (b), that {xk, yi} ∈ E(G). Hence {xk, yi} ∈ E(H) and C ∩ {xk, yi} 6= ∅.
C ∈ M(H) implies that |C ∩ {xi, yi}| = 1 and, since xi ∈ C, we have that yi /∈ C.
On the other hand, C ∩ {xk, yi} 6= ∅, hence xk ∈ C. Thus B ∩ {xk, yi} 6= ∅ and
B ∈M(G). If yi ∈ C, put B = C∪{yj}. Similarly, it can be proved thatB ∈M(G).
Conversely, let B ∈ M(G). Then |B ∩ {xj , yj}| = 1, which implies that either
B ∩ {xj , yj} = {xj} or B ∩ {xj , yj} = {yj}. If B ∩ {xj , yj} = {xj}, then, since
B ∩ {xi, yj} 6= ∅, it follows that xi ∈ B. Put C = B ∩ (Vn\{xj , yj}). For all
{xk, yl} ∈ E(H) we have ∅ 6= B ∩ {xk, yl} ⊂ B\{xj} = C, hence C is a vertex cover
ofH . Since |C| = |B|−1 = n−1, we get C ∈M(H). Similarly, if B∩{xj , yj} = {yj},
then xj /∈ B and C = B\{yj} ∈ M(H). 
Herzog and Hibi proved in [6, Theorem 1.2] that each unmixed bipartite graph on
Vn = W ∪W
′, n ≥ 1, can be uniquely associated to a sublattice LG of the Boolean
lattice Ln on {p1, p2, ..., pn} such that ∅ ∈ LG and {p1, p2, ..., pn} ∈ LG. The lattice
LG is defined as {α ⊂ {p1, p2, ..., pn}|C ∈M(G), pk ∈ α ⇔ xk ∈ C}.
Corollary 1.3. In the hypothesis of Lemma 1.2 and with the above notation, we
have LH ≃ LG.
Proof. Let ν : LH → LG defined by ν(α) =
{
α ∪ {pj}, if pi ∈ α,
α, if pi 6∈ α.
. By Lemma
1.2, ν is well defined and bijective. It can be easily checked that ν is a lattice
isomorphism. 
We show that G has a unique Cohen-Macaulay bipartite subgraph, up to a graph
isomorphism, such that the lattices associated to G and G′ are isomorphic.
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Proposition 1.4. Let G be an unmixed bipartite graph on Vn = W ∪W
′, n ≥ 1,
without isolated vertices. Then there exists a Cohen-Macaulay bipartite subgraph G′
of G, unique up to a graph isomorphism, such that LG′ ≃ LG. In particular, all
maximal chains of LG have the same length.
Proof. We proceed by induction on n. If n = 1, then G is Cohen-Macaulay. Put
G′ = G and the assertion trivially holds.
Let us suppose that n > 1. If G is Cohen-Macaulay, then put G′ = G. If G is not
Cohen-Macaulay, then, by [4, Theorem 3.4], G has an induced subgraph K{i,j}with
1 ≤ i < j ≤ n. Let H be the subgraph of G induced by the subset Vn\{xj , yj} ⊂
Vn. By the induction hypothesis there exists a unique Cohen-Macaulay bipartite
subgraph G′ of H , up to a graph isomorphism, such that LG′ ≃ LH . Obviously, G
′
is also a subgraph of G. By Corollary 1.3 LH ≃ LG, hence LG′ ≃ LG. Since G
′ is
Cohen-Macaulay, it follows, by [6, Theorem 2.2], that LG′ is a full sublattice of the
Boolean lattice on {pi|xi ∈ V (G
′)}, which implies that all maximal chains of LG′
have the same length, hence the conclusion. 
Remark 1.5. Let G be an unmixed bipartite graph on Vn =W ∪W
′, n ≥ 1, with-
out isolated vertices. One may derive a procedure to compute a Cohen-Macaulay
bipartite subgraph G′ of G such that the lattices LG and LG′ are isomorphic. In
fact, G′ = GF , where F is a maximal subset of [n] such that K{i,j} is not an induced
subgraph of GF , for all distinct i, j ∈ F .
Remark 1.6. If G′ = GF , F ⊂ [n], is a Cohen-Macaulay bipartite subgraph of G
from Proposition 1.4, then, by Corollary 1.3, the lattice isomorphism ν : LG′ → LG
is defined by ν(α′) = α′ ∪ {pj|j ∈ [n]\F, pi ∈ α
′, K{i,j} ⊂ G}, for all α
′ ∈ LG′.
2. A Gro¨bner basis of the toric ideal of the vertex cover algebra
of an unmixed bipartite graph
Let S = K[x1, ..., xn, y1, ..., yn] and let G be an unmixed bipartite graph on Vn =
W ∪W ′, n ≥ 1, without isolated vertices. In this case A(G) is the Rees algebra of
the cover ideal IG, which is generated by all monomials x
c1
1 . . . x
cn
n y
cn+1
1 ...y
c2n
n , where
c = (c1, . . . , c2n) is a 1-vertex cover of G ([7]). Thus
A(G) = S ⊕ IGt⊕ . . .⊕ I
k
Gt
k ⊕ . . .
Let LG be the lattice associated to G. Put BG = K[{xi}1≤i≤n, {yj}1≤j≤n, {uα}α∈LG].
For each α ∈ LG we denote mα = (
∏
pi∈α
xi) · (
∏
pj 6∈α
yj). The toric ideal QG of A(G)
is the kernel of the surjective ring homomorphism ξ : BG → A(G), ξ(xi) = xi,
ξ(yi) = yi, 1 ≤ i ≤ n, ξ(uα) = mαt, α ∈ LG.
Let <lex the lexicographic order on S induced by the ordering of the variables
x1 > ... > xn > y1 > ... > yn. Let <
# the reverse lexicographic order on the
polynomial ring K[{uα}α∈LG ] induced by an ordering of the variables uα’s such that
uα > uβ if β ⊂ α in LG. Let <
♯
lex the monomial order on BG defined as the product of
the monomial orders <lex and <
# from above. This monomial order was introduced
in [5].
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Next, inspired by [5, Theorem 1.1], we compute the reduced Gro¨bner basis of
the toric ideal of the vertex cover algebra of an unmixed bipartite graph G on
Vn = W ∪W
′, n ≥ 1, with respect to the monomial order <♯lex. For α ∈ LG let
V (α) be the set of all upper neighbours of α in LG. We denote xβ\α =
∏
pi∈β\α
xi,
yβ\α =
∏
pi∈β\α
yi, where α ∈ LG, α 6= {p1, p2, .., pn} and β ∈ V (α).
Theorem 2.1. Let G be an unmixed bipartite graph on Vn = W ∪ W
′, n ≥ 1,
without isolated vertices. Then the reduced Gro¨bner basis of the toric ideal QG of
the vertex cover algebra A(G) with respect to <♯lex is:
G
<
#
lex
(QG) = {xβ\αuα − yβ\αuβ | α ∈ LG, α 6= {p1, p2, .., pn}, β ∈ V (α)}
∪{uαuβ − uα∪βuα∩β |α, β ∈ LG, α 6⊂ β, β 6⊂ α},
where the initial monomial of each binomial is the first monomial.
Proof. We essentially follow the proof of [5, Theorem 1.1] with a slight modification
in its last part. As it was shown there, we only need to consider a primitive binomial
g of the reduced Gro¨bner basis of QG with respect to <
♯
lex. Let g ∈ G<#
lex
(QG),
g =
(
n∏
i=1
xaii y
bi
i
)
(uα1uα2...uαr)−
(
n∏
i=1
x
a′i
i y
b′i
i
)(
uα′1uα′2...uα′r
)
,
with α1 $ α2 $ ... $ αr and α′1 $ α
′
2 $ ... $ α
′
r chains in LG and in<#
lex
(g) equal to
the first monomial of g.
We assume that g /∈ K[{uα}α∈LG ]. As in [5, Theorem 1.1] we get that there
exists some 1 ≤ j ≤ r such that α′j 6⊂ αj. Let β be an upper neighbour of αj with
αj ⊂ β ⊂ αj ∪ α
′
j and let pi ∈ β\αj. Then pi ∈ α
′
k for all k ≥ j and pi /∈ αl for all
l ≤ j. This implies that ai > 0 for all i for which pi ∈ β\αj. Then the binomial
h = xβ\αjuαj − yβ\αjuβ ∈ QG and in<#
lex
(h) = xβ\αjuαj | in<#
lex
(g). Hence in
<
#
lex
(g)
must coincide with xβ\αjuαj , and, moreover, h = g. 
3. The Hilbert series of the vertex cover algebra of unmixed
bipartite graphs
Let {m1, m2, ..., ml} be the minimal system of generators of IG. We view A(G)
as a standard graded K-algebra by assigning to each xi and yj, 1 ≤ i, j ≤ n and to
each mkt, 1 ≤ k ≤ l, the degree 1.
The Hilbert function and the Hilbert series of the vertex cover algebra A(G) are
invariant to a certain class of graph isomorphisms.
Remark 3.1. Let σ be a permutation of [n] and let σG denote the bipartite graph
on Vn = W ∪W
′ with the edge set E(σG) = {{xσ(i), yσ(j)}|{xi, yj} ∈ E(G)}. The
graph isomorphism h : V (G) → V (σG), h(xi) = xσ(i) and h(yj) = yσ(j), i, j ∈ [n],
induces a K-automorphism of S which maps IG onto IσG. Therefore, A(G) and
A(σG) have the same Hilbert function and series.
4
Let ∆(LG) be the order complex of the lattice LG. (We refer the reader to [3, §5.1]
for the definition and properties of the order complex associated to a poset.) Let
SG = K[{uα}α∈LG] be the polynomial ring in |LG| variables over K. The toric ideal
Q¯G of the basic cover algebra A¯(G) is the kernel of the surjective ring homomorphism
pi : SG → A¯(G) defined by pi(uα) = mα, for all α ∈ LG.
Proposition 3.2. The graded K-algebra A¯(G) and the order complex ∆(LG) have
the same vector h-vector.
Proof. By [6, Proposition 3.1] Q¯G is a graded ideal and the initial ideal in<#(Q¯G)
of the toric ideal Q¯G coincides with the Stanley-Reisner ideal I∆(LG), hence SG/Q¯G
and K[∆(LG)] have the same h-vector. Since SG/Q¯G and A¯(G) are isomorphic as
graded K-algebras, the conclusion follows. 
Remark 3.3. Let G be an unmixed bipartite graph on Vn = W ∪ W
′, n ≥ 1,
without isolated vertices and let G′ be a Cohen-Macaulay bipartite subgraph of
G with LG ≃ LG′. If h, respectively h
′, are the h-vectors of A¯(G), respectively
A¯(G′), then, by using Proposition 3.2 and the fact that the lattices LG and LG′ are
isomorphic, it follows that h = h′. Moreover, by [8, Remark 1.3], hi ≥ 0, for all
0 ≤ i ≤ r + 1 and hr = hr+1 = 0, where r = rank(LG).
In order to prove the main theorem we need some preparatory results. They are
closely related to those for the Cohen-Macaulay case which were proved in [8].
Let ∅ 6= F $ [n], Pn(F ) = {pi|i ∈ F} and let α ∈ LGF¯ , where F¯ denotes the
complemet set of F in [n]. We denote by δα the maximal subset of Pn(F ) such that
α ∪ δα ∈ LG. Note that
δα = ∪{γ | γ ⊂ Pn(F ), α ∪ γ ∈ LG}.
If we set β = α ∪ δα, then, by the definition of δα, β has the following property:
there exists no subset ∅ 6= A ⊂ F such that β ∪ {pi|i ∈ A} is an upper neighbour of
β in LG.
Lemma 3.4. Let ∅ 6= F $ [n] and let S be the set of all β ∈ LG with the property
that there exists no subset ∅ 6= A ⊂ F such that β∪{pi|i ∈ A} is an upper neighbour
of β in L(G). Then the map ϕ : LGF¯ → S defined by α 7→ β = α ∪ δα, is an
isomorphism of posets.
Proof. We follow the proof of Lemma 1.4 in [8]. We show that ϕ is invertible.
Indeed, the map ψ : S → L(GF¯ ) defined by ψ(β) = β ∩ Pn(F¯ ) is the inverse of ϕ
since α = β ∩ Pn(F¯ ) and α ∈ L(GF¯ ).
Let α1, α2 ∈ L(GF¯ ) with α1 $ α2 and βi = ϕ(αi) = αi∪δi, i = 1, 2.We only need
to show that β1 ⊂ β2 since the strict inclusion follows from the hypothesis α1 $ α2.
Let us assume that β1 6⊂ β2 and let pr1 ∈ β1\β2 with r1 ∈ F . Since pr1 /∈ δ2, it
follows that β2 ∪ {pr1} /∈ LG.
We claim that {u ∈ F |pu ∈ β1\{pr1}} 6= ∅. Let us suppose, on the contrary, that
pu 6∈ β1\{pr1}, for all u ∈ F . Then β1 = α1 ∪ {pr1}. Since β1, β2 ∈ LG, it follows
that β1 ∪ β2 ∈ LG. On the other hand, we have β1 ∪ β2 = β2 ∪ {pr1}, which implies
that β1 ∪ β2 /∈ LG, a contradiction.
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By repeated application of this argument we get the sequence r1, r2, ..., rk, rk+1, ...
with rk+1 ∈ F\{r1, ..., rk} and prk+1 ∈ β1\(β2∪{pr1 , ..., prk}), for all k ≥ 0. Therefore,
the set F is infinite, which is impossible. Hence β1 ⊂ β2.
Now let β1, β2 ∈ S with β1 $ β2 and assume that α1 = α2, where α1 = β1∩Pn(F¯ ),
and α2 = β2∩Pn(F¯ ). Then δ1 = β1\Pn(F¯ ) $ δ2 = β2 \Pn(F¯ ). But this is impossible
since δ1 is maximal among the subsets γ ⊂ Pn(F ) such that α1 ∪ γ ∈ LG. 
The next result relates the Hilbert series of the vertex cover algebras A(G) to the
Hilbert series of the basic covers algebras A¯(GF ), for all F ⊂ [n]. If F = ∅, we put
by convention HA¯(GF )(z) =
1
1−z
.
Theorem 3.5. Let G be an unmixed bipartite graph on Vn = W∪W
′, n ≥ 1, without
isolated vertices. For F ⊂ [n] let rF = rank(LGF ), let HA¯(GF )(z) be the Hilbert series
of A¯(GF ), and HA(G)(z) be the Hilbert series of A(G). Then:
HA(G)(z) =
1
(1− z)n
∑
F⊂[n]
HA¯(GF )(z)
(
z
1− z
)n−|F |
. (1)
In particular, if h(z) =
∑
j≥0
hjz
j, respectively hF (z) =
∑
j≥0
hFj z
j , where h = (hj)j≥0,
respectively hF = (hFj )j≥0, are the h-vectors of A(G), respectively of A¯(GF ), then
h(z) =
∑
F⊂[n]
hF (z)(1 − z)|F |−rF zn−|F |. (2)
Proof. (1) can be proved exactly as in [8, Theorem 1.5].
It is known that HA(G)(z) =
h(z)
(1−z)2n+1
(since dimA(G) = dimS + 1 = 2n + 1
[3]) and HA¯(GF ) =
hF (z)
(1−z)rF+1
(since dimA¯(GF ) = rF + 1 [2]), for all F ⊂ [n], hence
h(z) =
∑
F⊂[n]
hF (z)(1− z)|F |−rF zn−|F |. 
Remark 3.6. By using (2) we get
hn+1 =
∑
F⊂[n]
(−1)|F |−rhFr+1 and hn =
∑
F⊂[n]
(−1)|F |−r[hFr − (|F | − r)h
F
r+1],
where r = rF = rank(LGF ). By Remark 3.3, h
F
r = h
F
r+1 = 0, for all ∅ 6= F ⊂ [n].
Hence hn+1 = h
∅
1 = 0, hn = h
∅
0 = 1 and the a-invariant of A(G) is a = −n − 1.
In [7, Corollary 4.4] it was proved that A(G) is a Gorenstein ring, therefore, by [3,
Corollary 4.3.8 (b) and Remark 4.3.9 (a)], hi = hn−i, for all 0 ≤ i ≤ n.
Corollary 3.7. Let G be an unmixed bipartite graph on Vn = W ∪ W
′, n ≥ 1,
without isolated vertices. Then
e(A(G)) =
∑
F⊂[n]
GF Cohen-Macaulay
e(A¯(GF )), (3)
where, by convention, G∅ is considered a Cohen-Macaulay subgraph of G.
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Proof. By [6, Theorem 2.2] GF is a Cohen-Macaulay bipartite graph if and only if
rank(LGF ) = |F |, for all ∅ 6= F ⊂ [n]. Thus (3) follows immediately from (2). 
We compute the Hilbert series of the vertex cover algebra of unmixed complete
bipartite graphs Kn,n, n ≥ 1.
Proposition 3.8. For all n ≥ 1 HA(Kn,n)(z) =
1+z+...+zn
(1−z)2n+1
. In particular, the multi-
plicity e(A(Kn,n)) = n+ 1.
Proof. LKn,n = {∅, {p1, p2, ..., pn}}, therefore, by Theorem 2.1, QKn,n is a principal
ideal generated by b = x1...xnu2−y1...ynu1, where u1 = u{p1,...,pn} and u2 = u∅. Then
A(Kn,n) ≃ BKn,n/QKn,n and the minimal graded free resolution of A(Kn,n) is given
by the exact short sequence 0→ BKn,n(−(n + 1))
· b
→ BKn,n → A(Kn,n)→ 0. Hence
HA(Kn,n)(z) =
1+z+...+zn
(1−z)2n+1
. In particular, the multiplicity e(A(Kn,n)) = n + 1. 
Let Pn = {p1, p2, . . . , pn} be a poset with a partial order ≤. We denote by G(Pn)
the bipartite graph on Vn =W ∪W
′, whose edge set E(G) consists of all 2-element
subsets {xi, yj} with pi ≤ pj. It is said that a bipartite graph G on Vn = W ∪W
′
comes from a poset, if there exists a finite poset Pn on {p1, p2, . . . , pn} such that
pi ≤ pj implies i ≤ j, and after relabeling of the vertices of G one has G = G(Pn).
Corollary 3.9. Let G be an unmixed bipartite graph on Vn = W ∪ W
′, n ≥ 1,
without isolated vertices. Then
n+ 1 ≤ e(A(G)) ≤ n!
n∑
l=0
1
l!
.
The left equality holds if and only if G = Kn,n and the right equality holds if and
only if G comes from an antichain with n elements.
Proof. By (3) and [1, Proposition 3.4(3)], e(A(G)) =
∑
F⊂[n]
r=|F |
fFr , where r = rank(LGF )
and fFr is the last component of the f -vector of the order complex ∆(LGF ). Then
e(A(G)) = n + 1 +
∑
F⊂[n]
r=|F |≥2
fFr , which implies that e(A(G)) ≥ n + 1. The equality
holds if and only if rank(LGF ) < |F | for all F ⊂ [n] with |F | ≥ 2, which is equivalent
to G = Kn,n. On the other hand, e(A(G)) = 1 +
∑
F⊂[n]
r=|F |≥1
fFr . If rank(LGF ) = |F |,
∅ 6= F ⊂ [n], then LGF is a full sublattice of a Boolean lattice on a set with
|F | elements, hence fF|F | ≤ |F |! and e(A(G)) ≤ 1 +
∑
F⊂[n]
|F |≥1
(
n
|F |
)
|F |! = n!
n∑
l=0
1
l!
. The
equality holds if and only if LGF is a Boolean lattice on a set with |F | elements, for
all ∅ 6= F ⊂ [n], which is equivalent to saying that G comes from an antichain. 
Remark 3.10. In general, unmixed bipartite graphs are not uniquely determined,
up to an isomorphism, by the h-vector of their corresponding vertex cover algebras.
Let G3 be the bipartite graph on V3 with the edge set: {x1, y1}, {x2, y2}, {x3, y3},
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{x2, y3}, {x3, y2} and G
′
3 be the bipartite graph on V3 that comes from the chain
P ′3 = {p
′
1, p
′
2, p
′
3} with p
′
1 ≤ p
′
2 ≤ p
′
3. G3 and G
′
3 are unmixed and they are not
isomorphic, and by computation we get HA(G3)(z) = HA(G′3)(z) =
1+3z+3z2+z3
(1−z)7
.
However, unmixed complete bipartite graphs and bipartite graphs that come from
chains and antichains are uniquely determined (up to a graph isomorphism) by the
h-vector of their corresponding vertex cover algebras. The statement for bipartite
graphs that come from chains and antichains was proved in [8, Proposition 2.3].
Corollary 3.11. Let G be an unmixed bipartite graph on Vn = W ∪ W
′, n ≥ 1,
without isolated vertices. Then G = Kn,n if and only if HA(G)(z) =
1+z+...+zn
(1−z)2n+1
.
Proof. (”If”) By using (2) we get h1 = h
[n]
1 + rank(LG). Since h
[n]
1 is the component
of rank 1 in the h-vector of A¯(G), by using the formula which relates the h-vector
to the f -vector of the order complex ∆(LG), we get h
[n]
1 = |LG| − rank(LG) − 1,
which implies that h1 = |LG| − 1. By hypothesis, h1 = 1, hence |LG| = 2. G is an
unmixed bipartite graph on Vn, therefore, LG = {∅, {p1, ..., pn}} and G = Kn,n.
(”Only if”) It follows from Proposition 3.8. 
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